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1. (a) [3 marks] Describe the N -extended super-Poincaré algebra in any space-time dimension:
List the bosonic and fermionic generators, and give the schematic form (i.e. without
explicit indices or numerical factors) of the (anti)commutation relations. You may ignore
the central charges.

(b) [2 marks] What is the maximal N allowed in 4d for interacting field theories without
gravity? And with gravity? Justify your answer.

(c) [1 mark] Give all the anti-commutators amongst the 4d N = 1 supercharges Qα and Q̄α̇,
in Weyl spinor notation.

(d) [3 marks] Briefly explain what is a 4d N = 1 superfield. Expand a general real scalar
superfield S(x, θ, θ̄) in terms of its field components, and count the number of (off-shell)
bosonic and fermionic degrees of freedom.

(e) [3 marks] The 4d N = 1 supercharges are realized on superspace as the differential oper-
ators:

Qα = −i(∂α − i(σµθ̄)α∂µ) , Q̄α̇ = i(∂̄α̇ − i(θσµ)α̇∂µ) . (1)

with ∂α = ∂
∂θα , ∂̄α = ∂

∂θ̄α̇
and ∂µ = ∂

∂xµ . By explicit computation, show that they realise
the supersymmetry algebra (only check the anti-commutators).

(f) [3 marks] Define the notion of a chiral superfield, denoted by Φ. Introduce and define
superspace differential operators as needed. Why is it called chiral?

(g) [10 marks] Here, we will study minimal supersymmetry in 3d (with space-time signature
(−1, 1, 1)). The two real supercharges of ISO(1, 2|2) sit in a single 3d Majorana spinor
Qα. Let µ, ν, · · · ∈ {0, 1, 2} denote the space-time coordinate indices, and α, β, · · · ∈ {1, 2}
denote the spinor indices. The spinor indices are raised with εαβ and εαβ. (The contraction
conventions are like for undotted Weyl indices α, β, · · · in 4d.) We pick the 3d γ-matrices:

(γµ)α
β =

{(
0 −1
1 0

)
,

(
−1 0
0 1

)
,

(
0 1
1 0

)}
. (2)

Then, the 3d N = 1 supersymmetry algebra contains the anti-commutators:

{Qα, Qβ} = γµαβPµ . (3)

(Hint: Useful identities are: θαθβ = −1
2θθε

αβ and γµγν = ηµν − εµνργρ, with ε012 = 1.
Note also that γµαβ = γµβα.)

- Derive the general structure of the massless one-particle supermultiplet (with energy
E 6= 0).

- Define 3d N = 1 superspace R1,2|2 as a coset manifold with coordinates (xµ, θα),
with θα some real Grassmann coordinates. Then, derive the induced action of the
supercharge Qα on superfields. You should find:

Qα = −i
(

∂

∂θα
− i

2
(γµθ)α

∂

∂xµ

)
. (4)

- Consider the real 3d N = 1 superfield:

X(x, θ) = ϕ(x) + θψ(x) +
1

4
θθM(x) , (5)

with ϕ a real scalar, ψα a 3d fermion, and M an auxiliary real scalar. Using Qα

above, derive the supersymmetry variations of the component fields.
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- Prove that the 3d action:

S =

∫
d3x

(
−1

2
∂µϕ∂

µϕ− iψγµ∂µψ −
1

2
M2

)
(6)

is N = 1 supersymmetric.

2. (a) [4 marks] Write down schematically the Lagrangian for the most general renormalizable
4d N = 1 supersymmetric gauge theory, in superspace notation. Name the various terms,
and briefly explain their physical content.

(b) [2 marks] Briefly describe the general structure of the Wilsonian effective action of a
theory of chiral multiplets only (no gauge fields), in superspace.

(c) [6 marks] The Wess-Zumino model (for a single chiral multiplet) has the Lagrangian:

L = −∂µφ̄∂µφ−m2φ̄φ− iψ̄σ̄µ∂µψ −
m

2
(ψψ + ψ̄ψ̄)

− λ2φ̄2φ2 −mλ(φ̄2φ+ φ̄φ2)− λ(ψψφ+ ψ̄ψ̄φ̄) .
(7)

- Give the Feynman rules and write down all the one-loop diagrams that contribute to
the self energy of the scalar, Πφ̄φ(p2).

- Show that limp2→0 Πφ̄φ(p2) = 0.

- Briefly discuss the physical meaning of this result, including its possible relevance for
particle physics.

(d) [5 marks] Consider a Wess-Zumino model of three chiral superfields X, Y and Z, with
the superpotential:

W = mXY + λXY Z +
g

3
Z3 , (8)

where m,λ, g ∈ C∗ are non-zero coupling constants.

- What is the global (internal) symmetry of this model?

- Analyse the vacuum structure of the model. Does the model preserve supersymmetry?
(Assume a canonical kinetic term.)

- Study the limit m = 0. What are the global symmetries? How does the vacuum
structure change?

(e) [4 marks] Consider a theory of n chiral multiplets Φi. Using the general form of the
classical Lagrangian (with canonical kinetic term), prove that, at the classical level, F -
term supersymmetry breaking implies the existence of a massless fermion.

(f) [4 marks] Let Sµα denote the conserved supersymmetry current of a QFT. Using the su-
persymmetry algebra, give the general structure of the anti-commutator:

{Qα, S̄µβ̇} , (9)

in terms of bosonic operators in the theory. Discuss the schematic structure of the su-
percurrent multiplet Sµ, which contains the operator Sµα. What is the minimal number
of independent bosonic and fermionic operators that it contains (assuming the theory is
not conformally invariant)? Write down the minimal coupling of Sµα and of its superpart-
ners to sources, at first order in the sources. What is the physical interpretation of the
supersymmetry multiplet of sources?
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