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1. (a) [4 marks] Write down the N-extended super-Poincaré algebra in four-dimensional Minkowski
space-time, in Weyl spinor notation. (You may omit writing down the Poincaré algebra
itself, but do include the commutators between the supercharges and the Poincaré gener-
ators.)

(b) [1 mark] Prove that all the particles in a supermultiplet have the same energy.

(¢) [6 marks] Explain how to construct representations of the 4d A-extended supersymmetry
algebra on massless one-particle states, for any /. Make sure that your final answer is
CPT invariant. [Pick the Lorentz frame p* = (E,0,0, E) for the energy-momentum of the
one-particle states. Start your explanation with a discussion of how the supersymmetry
algebra acts on those states.]

(d) [2 marks] As a special case of the general construction above, construct the unique su-
pergravity multiplet of 4d N' = 8 supersymmetry. Describe the particle content. Why is
the supermultiplet unique?

(e) [1 mark] Give a definition of 4d A/ = 1 superspace.

(f) [5 marks| By explicit computation, show that the differential operators on superspace:

Qo = —i(9s — i(c"0)00,,) ,
Qd = i(é@ — i(@a”)dau) ,
b= *iau )

(1)

'-U

M, = i(2,0y — 2,0, — (00,,)* 00 + (7,,0)*0s)

satisfy the 4d N' = 1 super-Poincaré algebra. Only check the commutation relations
involving at least one supercharge. The following identity may be useful:

oGP — PGt = g — pPah,

(g) [1 mark] Explain what is a superfield.

(h) [5 marks] Write down the most general massless multiplet of N' = 4 rigid supersymmetry,
with the particles organised in representations of the SU(4)r R-symmetry. Find also the
most general massless multiplet of AV = 3 rigid supersymmetry, and organise the particles
in representations of the U(3)r = SU(3)g x U(1) g R-symmetry. Work out how the N' =3
multiplet is embedded into the N' = 4 multiplet.

[The following mathematical fact may be useful: the branching rules for the Lie algebra
decomposition SU(4) — SU(3) x U(1) are:

41303, 6 >3 533, 1051 603 2@ 6,
for the first few irreducible representations of SU(4).]

2. (a) [3 marks] Give the definition of the chiral superfield, ®, as one satisfying a differential
constraint in superspace. Define the relevant differential operators you use. Then, write
down ® in components schematically (that is, up to numerical coefficients).

(b) [3 marks] Give the definition of the vector superfield, V', and write it down in components
in the Wess-Zumino (WZ) gauge, schematically.

¢) [1 mark] Compute V3 (the third power of V) in the WZ gauge.
(c) [ p p gaug

(d) [5 marks] Write down the Lagrangian of 4d N/ = 1 massless SQCD (SU(N.) with N
flavors) in superspace, and explain what types of interactions are contained in each term.
You may use the notation:

Wa = %Df)e*QVDaeQV . (2)
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Then, assuming N, > 3, write down the most general renormalisable superpotential one
could add to deform SQCD in the UV.

(e) [3 marks] Give the global symmetries of the massless SQCD Lagrangian, for N, > 2.
Which symmetries survive quantum mechanically, and why? Explain why, in the quantum
theory, one can determine the R-charge of the “matter” chiral multiplets to be:

Ne

=1-—.
T N,

(f) [3 marks| Consider the theory of a single chiral multiplet, M, with superpotential:

A5
W=— M . 3
7 +m (3)
If the coupling constants A and m have engineering dimension 1, what is the engineering
dimension of M7 Analyse the vacuum structure of this theory. (For simplicity, you may
assume the Kéhler potential is canonical.) Explain what happens in the limit m — 0.

(g) [7 marks] Consider the theory of 15 chiral multiplets M;; = —Mj;, which transform into
the two-index anti-symmetric (15) representation of an SU(6) flavor symmetry, with the
following canonical Kéhler potential and cubic superpotential:

1. g
K = SNV M, W= %ewklm”Miijlen , (4)
where €*mn ig the fully anti-symmetric symbol (an invariant tensor of SU(6)). The
indices 4, j,--+ runs over ¢ = 1,--- ;6. Assume gy € R.

- Write down the complete Lagrangian that follows from this superpotential in compo-
nents, for the 15 scalar fields M;;, fermions 1;;, and auxiliary fields Fj;.

- Integrate out the auxiliary fields and write down the resulting interaction Lagrangian
(for simplicity, you may write the answer up to numerical factors).

- This theory provides an infrared (IR) description of SQCD with gauge group SU(2)
and Ny = 3. Give at least two detailed symmetry arguments in favor of this identi-
fication. [Hint: the fundamental and anti-fundamental representations of SU(2) are
isomorphic.]

- Consider adding the following linear superpotential term to the theory:

4 4 4 4
Wi — miMag + 1 (z Mt S M43 S Mab> , )
a=1 a=1

a=1b=a+1

with indices a,b = 1,--- ,4. We claim that, by integrating out the 14 fields M;; with
(ij) # (56) from the superpotential, in the limit © > m, one finds the theory of a
single chiral multiplet M = Ms3g given in equation (3). Give a schematic derivation

of this fact, assuming a supersymmetric vacuum exists. How does it relate to the IR
physics of SQCD?
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