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1. (a) [4 marks] Give a definition of Bose condensation, and explain how it differs from super-
fluidity. (Answers should be a short paragraph or less).

(b) [4 marks] Consider a gas of N noninteracting spinless bosons moving in d dimensions
with the dispersion relation

ε(k) = α|k|4 ,

where ε is the energy and k is the wavevector. For what value of the dimension d do
you expect the system to exhibit Bose condensation at sufficiently low (but nonzero)
temperature?

(c) [4 marks] Now assume instead that the N bosons in the system interact with each other
via a short-range repulsive interaction, so that the Hamiltonian is given by

H =

N∑
i=1

α|ki|4 + U

N∑
i<j

δ(ri − rj)

with U > 0. Rewrite this Hamiltonian in second quantized form using bosonic operators
ψ̂†(r) and ψ̂(r) satisfying commutation relations

[ψ̂(r), ψ̂†(r′)] = δ(r− r′) .

(d) [4 marks] Using the equations of motion

i~
∂ψ̂(r)

∂t
= [ψ̂(r), H] ,

derive a (time-dependent) Gross-Pitaevskii equation for this system. The Gross-Pitaevskii
equation should be written in terms of a classical field ψ(r) rather than an operator ψ̂(r).
The classical field ψ should be normalized so that |ψ(r)|2 is the boson density at position
r. Make sure to explain how one gets to a classical field from the quantum operator.

(e) [5 marks] The ground state is given by |ψ(r)| = ψ0 a constant. Write a low-energy
excitation at wavevector k in the form

ψ(r, t) = e−iµt
[
ψ0 + ψke

ik·r−iωt + ψ−ke
−ik·r+iωt

]
.

Assuming that ψk and ψ−k are small, substitute this form into the Gross-Pitaevskii equa-
tion to calculate the low-energy excitation spectrum (i.e., the dispersion relation) of this
interacting Bose gas.

(f) [4 marks] Given the dispersion relation that you just derived, do you expect this system
will be a superfluid? Justify your answer.
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2. (a) [4 marks] Explain what is meant by Hartree-Fock approximation.

(b) [5 marks] Consider a Hamiltonian of the following general form

H =
∑
i,j

hijc
†
icj +

1

2

∑
ijkl

vijkl c
†
ic
†
jclck ,

where c†i and cj are fermion creation and annihilation operators satisfying

{ci, c†j} = δij

with indices i, j, . . . representing arbitrary orbitals. For a fixed number N of electrons in
the system, give a set of self-consistent equations whose solution would give the Hartree-
Fock ground state of the system (i.e, explain how in principle one finds the Hartree-Fock
ground state).

(c) [7 marks] Consider now the two-site Hubbard model for spinful fermions:

H = −t
∑
σ

(c†1σc2σ + c†2σc1σ) + U
∑
i

(c†i↑ci↑)(c
†
i↓ci↓) .

Without loss of generality you may assume t is real and t > 0. Consider the case of N = 2
fermions. By explicitly constructing the ground-state wavefunction,

(1) show that for U = 0 (with t 6= 0), the Hartree-Fock approximation gives the exact
ground-state energy;

(2) show that for t = 0, the Hartree-Fock approximation gives the exact ground-state
energy for both U > 0 and U < 0.

What is the ground-state degeneracy in each of the cases you just considered?

(d) [9 marks] Again consider the case with N = 2 fermions. For the case where U 6= 0 and
t 6= 0, the ground state is never degenerate. You can take this statement as given. Give
an argument that the exact ground state in this case must be spin zero. Argue that any
Hartree-Fock ground state with zero spin must be expressable in the form f †1f

†
2 |0〉 where

f †1 = αc†1↑ + βc†2↑ ,

f †2 = α′c†1↓ + β′c†2↓ .

Considering the symmetries of the Hamiltonian, what values can α, α′, β, β′ take for a
Hartree-Fock ground state? For U 6= 0 and t 6= 0, is the Hartree-Fock approximation ever
exact? Prove your answer.

A15758W1 Page 3 of 3 End of Last Page


