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1. An experiment finds a quasiparticle for which the relation between energy and momentum is

E =
√
κ2|~p|4 +m2 ,

where κ and m are fixed parameters. Note the quartic power of |~p|, indicating that this theory
is not Lorentz invariant.

(a) (8 marks) Find an action for a local field theory that, when quantized, will describe
free bosonic quasiparticles with this dispersion relation. As an intermediate step, you should
write down the classical Hamiltonian.

(b) (9 marks) Derive the classical equation of motion of your action (note that due to the
unconventional form of the action, you probably want to go back and rederive the appropriate
Euler-Lagrange equation). Find the plane-wave solution and check that it has the appropriate
dispersion relation.

(c) (8 marks) Write an expression for the quantized field in terms of momentum-space
creation and annhilation operators satisfying the standard commutation relation for such
operators.

2. In this problem you will analyse an interacting field theory involving two real scalar fields Φ
and φ with Lagrangian density

L =
1

2

(
(∂µφ)(∂µφ) + (∂µΦ)(∂µΦ)−m2φ2 −M2Φ2 + λφΦ2 + gΦ(∂µφ)(∂µφ)

)
,

where g and λ are couplings, and m and M are masses. Note the derivatives in the interactions
in the last term.

(a) (15 marks) Write down the momentum-space Feynman rules, including the propaga-
tors for this theory. Make sure you label precisely which (if any) momenta appear.

(b) (10 marks) Compute the scattering amplitude for φΦ → φΦ to leading non-trivial
order in the couplings λ and g (assume the two are the same order).

3. The purpose of this problem is to define and study the Dirac field theory in one spatial
dimension, with action

S =

∫
d2xψ(i/∂ −m)ψ , (1)

where ψ ≡ ψ†γ0 and /∂ ≡ γµ∂µ. There are two gamma matrices γ0 and γ1 that obey the usual
algebra

{γµ, γν} = 2ηµν

where ηµν is the usual Minkowski metric restricted to 1+1 dimensions. The “chirality” oper-
ator is defined as

γ5 ≡ γ0γ1 .

It is named γ5 in analogy with the 3+1d case.

(a) (5 marks) Show that γ5 anticommutes with the other two gamma matrices, and
squares to 1. Give an explicit representation of this algebra in terms of 2 × 2 matrices such
that γ5 is diagonal. Find the eigenvalues of γ5 in this basis. Use this basis for the remainder
of the problem.
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(b) (5 marks) Using these gamma matrices, write down the Dirac equation for a two-
component spinor ψ in 1+1 dimensions. Check that it indeed yields solutions with energy-
momentum relation E2 = p2 +m2. (Note here p is not shorthand for a 4-vector – momentum
really is just a one-dimensional vector, i.e. a number.)

(c) (5 marks) Let ψR and ψL be the components of ψ with eigenvalues +1 and −1
respectively under γ5. Write out the Dirac equation in terms of ψL and ψR, and show that
in the massless case m = 0, it becomes two independent equations for the ψR and ψL.

(d) (5 marks) From examining these equations, show that ψR corresponds to “right-
movers” and ψL “left-movers”. For example, if at t = 0, ψR(0, x) = f(x) for some wave
packet f(x), the wave packet simply moves to the right at the speed of light.

(e) (5 marks) Finally, consider Lorentz transformations in 1 + 1d. Since there are no
rotations, there are only boosts. Show that a boost of velocity v acts on 2-vectors as(

t
x

)
→ 1√

1− v2

(
1 v
v 1

)(
t
x

)
.

Show that this boost matrix can be rewritten as(
cosh(α) sinh(α)
sinh(α) cosh(α)

)
for real α. Find the functions ΛL(α) and ΛR(α) such that the action (1) is invariant under
boosts that transform the spinor components as

ψL → ΛL(α)ψL , ψR → ΛR(α)ψR .
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