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1. A one-dimensional Ising model with vacancies can be modelled as follows: at lattice sites

i =0,1,...,L — 1 “spin” variables o; are allowed to take values o; € {—1,0,+1}, where
‘0’ corresponds to the absence of a spin (a vacancy). The density of vacancies is controlled
by a chemical potential u, while the spins interact via a nearest-neighbor ferromagnetic Ising
exchange interaction J. There is no external magnetic field. The energy for a spin and vacancy
configuration {o;} in this model is therefore given by

L
El{o:}] = ' [~Joioit1 — pdo, 0], (1)
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where 6, is the Kronecker delta. You may assume J, u > 0 unless otherwise stated.

(a) Assuming periodic boundary conditions o¢ = oy, show that the partition function Z for
the model (1) can be expressed as Z = Tr[T*] where the transfer matrix 7' takes the form

a \/5 a~t
T=| Vb b Vb |, (2)
ail \/5 a

and hence determine a and b in terms of J, p, and 8 = 1/kgT, where T is the temperature
and kg is the Boltzmann constant.

(b) Explaining all your reasoning, use your results from part (a) to derive a formula for the
free energy per site f in the limit of large L, as a function of 3, u, and J. You may use
the fact that the eigenvalues of T are

1

M=a—at, lz= 3 (a+a_1 +b++(a+a1+b)2—4bla+a! —2)) .

(¢) Assuming that J < p and working in the regime where kg7 > J, determine the average
density of vacancies, given by

Nav = % <Z 5ai,0> ) (3>
g B

where (...)3 denotes a thermal average. Comment on the limiting behavior when kgT" >
p. [Hint: find an expression for nay in terms of f, and simplify the latter as much as
possible in the regime of interest.]

(d) In this part of the problem, we relax the assumption that x> 0. Obtain the limiting value
of the free energy from part (b) for u — —oo, and use this to compute the entropy per site
in the high-temperature limit kg7 > J. Comment on why these results are physically
sensible.
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2. A one-dimensional quantum spin model has the Hamiltonian [25]
L-1
Ho= =% (787, + SYSY, + ASiSH, ). (1)
j=0

where J >0, 0 < A < 1 and we have a spin-S on each site of the lattice, i.e. (57)? + (Sé?')2 +
(Sf)Q = 5(5 +1). We impose periodic boundary conditions, S¢ = S§ for a = z,y, 2.

(a) Justifying your answer with a calculation, show that for the given values of A, in the 3]
classical ground state all the spins are aligned parallel to each other and lie in the S*SY
plane. [Hint: Consider (S7,S7,S%) to be a classical vector of length S.]

(b) What symmetry is broken by the classical ground state? 2]
In the remainder of this problem, we explore the theory of quantum fluctuations about

the classical ground state, that, without loss of generality, we take to be aligned along S*.

(c) We define a Holstein-Primakoff representation by [4]
. 1/2
S7=8— a;raj, S;f = 5]9 +1iS7 = (25 - a;aj) aj, [aj,az] =djy

[Note that this convention for the Holstein-Primakoff representation differs from that used
in the lectures, due to the different alignment of the ground state.]
Explain the nature and usefulness of this representation. Identify at least two complica-
tions that could generally arise.
(d) Using the Holstein-Primakoff approach, carry out an expansion of H (remembering that [5]
A < 1) in inverse powers of S. Ignore the constant contribution and drop all terms that
grow more slowly than S when S becomes large. Show that the resulting Hamitonian
Hisw, the linear spin wave (LSW) approximation to H, takes the form

L—1
_ T T Tt T
Hisw = JS Z {—A(ajajJrl +a;q0a;) — Blaja; 4 +aja; ) + Caja; |,
§=0
where A, B, C' are positive constants. Determine the values of constants. [Hint: to get the

correct value of C, you must use the fact that the a;r-aj term on site j receives contributions
from different terms in the sum.]

(e) By Fourier transforming and using any necessary symmetry properties of the sums over 3]
momenta, show that Hygw can be written in the form

Hysw =JS» [{C — 2Acosk} af(k)a(k) — Beosk {a*(k)a*(—k) + a(—k)a(k)}]
k

where [a(k),al (K')] = O ks la(k), a(k")] = [af(k),al (k)] = 0.

(f) Now, perform a Bogoliubov transformation to write Hysw in the form 8]

Hysw = Y _ €(k)bl (k)b(k) + const.,
k

and thereby determine the new creation and annihilation operators b'(k), b(k) in terms of
a'(k),a(k). Here, ‘const.” denotes a constant contribution that you need not determine,
and [b(k), bl (K')] = ks, [b(k),b(K')] = [bT(k),bT(K')] = 0. Write down an expression
for the dispersion of the low-lying spin waves €(k). Show that as k — 0 the dispersion
is approximately linear, e(k) = wg|k|, thereby determining the “spin-wave speed” wvj.
Describe how the dispersion changes as A — 1.
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