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[3 marks] Draw all Feynman diagrams that contribute to the one-loop correction to
the gluon self-energy in QCD, ignoring any counterterm contributions.

[9 marks] Working in D = 4 — € dimensions, show that the contribution to the gluon
self-energy from ghosts is proportional to

dPl (1 + k)M
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where k is the momentum flowing through the gluon propagator and a,b are the
colour indices in the adjoint representation. Working to O(g?) in the strong coupling
g, determine the O(%) contribution to this, including all proportionality factors.

[4 marks| Evaluate the contribution to the gluon self-energy from the diagram(s)
featuring the 4-gluon vertex [Hint: include an artificial gluon mass mg in the inter-
mediate steps).

[4 marks] Using the above results, and without calculating any further Feynman di-
agrams, evaluate the O(1) contribution to the contraction

v,ab
kulls) ™ (k%)

of the momentum k flowing through the gluon propagator and the contribution to
the self-energy due to the diagram(s) featuring 3-gluon vertices, to O(g?).

[Selected Feynman rules in Feynman—t’ Hooft gauge:
e Gluon propagator : %5‘“’.
e Ghost propagator: p%éab
e Ghost-antighost-gluon vertex: gf®™°pt , where p is the momentum flowing along

the ghost line pointing away from the vertex, b (¢) are associated with the ghost
lines flowing towards (away from) the vertex, and a is associated with the gluon.

e J-gluon verter:
_ 2| fabe fcde (L up VO U0 VP ace gbde ( ,uv ,0p _ WO VP
ig= | [ (g g — gh7g ) + fUE S (g g7 — gM 7 gvP)
+fadefbce (g,u,l/gpa _ gupgua) ,

where the vertices u,v, p,o are associated with a,b, c,d, respectively. In the above,
@, ..., e are the colour indices in the adjoint representation
Feynman’s formula to combine denominators:

1 /1 1
— = dx )
AB 0 [tA+ (1 — x)B]?

In D = 4 — € dimensions,

/le; kaa iy 1 1 T(a+2)T(b—a-2)
(2m)P (k2 + X))

where T'(e) = 1 + O(%) ]
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(b) [5 marks] The beta function for a generic coupling o can be written as

to O(a?), where y is the renomalization scale and by is a constant. Derive an expression
for the coupling at scale iy in terms of the coupling at a scale p;, and discuss the different

regimes which exist depending on by, providing examples from the gauge couplings of the
Standard Model.
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2. (a) Consider the QED Lagrangian

1

e OuA)?

— — 1
LqoED = i)Y — mapy) — ZFWFW -

where D,, = 0,, + ieA,, is the covariant derivative.

(i)

(i)

(iii)
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[4 marks] Calculate the change in the Lagrangian 6 Lqrp under the infinitesimal local
gauge transformations

0A, =0y,
oY = —iear) .

[4 marks] Now consider the Lagrangian
1 p
L= EQED + 58@8 o,

where ¢ is a real scalar field. Show that the generalised transformation

§A,  =€eduo,
oY = —ieepy,
b = —EDuA"

where € is an infinitesimal parameter, leaves the action invariant.
[5 marks|] Show that

Tr (g Bypfrvdy®) = —=32(a - ¢)(b- d)

for arbitrary 4-vectors a, b, c,d, in D = 4 dimensions.

[6 marks] Consider the case of electron—muon scattering in QED, e”p~ — e~ u~ in
the high—energy limit, i.e. neglecting fermion masses. Draw the contributing Feynman
diagram(s). Averaging over initial-state spins and summing over final-state spins,
show that the squared matrix element (|M|?) is proportional to

2 4 42
12 ’

(| M[?) o<

where s, t,u are the Mandelstam variables, and calculate the constant of proportion-
ality.

[6 marks] Now consider the case of electron—electron scattering in QED, e"e™ —
e~ e, again in the high—energy limit. Draw the contributing Feynman diagram(s).
Averaging over initial-state spins and summing over final-state spins, calculate the
squared matrix element.

[Recall that the gamma matrices obey: {y*,~V} = 2g"" - 1, where 1 is a unit matric
m SPINOT space.

You may also assume without derivation: Tr(yHyY~yPy7) = 4(g"gP? — ghPg"" +
9"79"").
The photon propagator in the Feynman—t’ Hooft gauge: %.

The photon-lepton vertex: —iey".]
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3. (a) [7 marks] Consider the case of a spontaneously broken abelian gauge symmetry. The
terms in the Lagrangian relevant to the massive gauge boson are

1

£:4

1 2
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in the unitary gauge, where F},, = 9,4, — 0, A,, and M is the gauge boson mass. Using
the path integral formalism, compute the gauge boson propagator.

(b) Consider the following Lagrangian
L= (9t0,0) - v (ale)

where ® is an N x N matrix of complex scalar fields, ®;;(z), i, =1,---, N.
(i) [4 marks] First take
v (qﬂ <I>> = m?Ty (@T c1>) .

Expanding out the trace to write this Lagrangian in terms of N2 complex fields, show
that it obeys a SO(2N?) symmetry. What would the corresponding symmetry be for
a Hermitian (&7 = ®) matrix ®?

(ii) [2 marks] In what follows, we take instead that

1% (qﬂ@) - %Tr (@qum)) + g (T&" (@%))2 +m?Tr (qﬂ@) ,

where here and in what follows we do not assume that ® is Hermitian. Show that the
Lagrangian is invariant under the global symmetry G = SU(N )y, @ SU(N)r ® U(1),
acting as

®(z) = ULB(2)U),,  Up,Ur € SU(N).

(iii) [4 marks] For the case of a, > 0 and m? < 0, without loss of generality, the vacuum
expectation value (vev) of the potential may be written as

(@) =C-1nxn,
where
C? = —m?/(a + NB).

Verify that this breaks the original symmetry of the Lagrangian and show that the
remaining symmetry that preserves this vev corresponds to

d(z) » UD(x)UT, UeSUN),

ie. to SU(N). Hence determine the number of broken generators of the original
Symimetry.

(iv) [8 marks| Consider the convenient expansion about the vev

¢1(x) +iga(z)
V2

where ¢1 2 are Hermitian N x N matrices. Expanding out the relevant terms in the
Lagrangian, show that ¢o corresponds to N2 massless modes. In light of Goldstone’s
theorem and the above results, what does this imply for the field content correspond-
ing to ¢17

<I>(a:) :C'1N><N+
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