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1. (a) [4 marks| Define the terms ‘sub-group’, ‘normal sub-group’, ‘representation’ and ‘irre-
ducible representation’ (in the following also called ‘irrep’).

(b) [5 marks] For a group G and a sub-group H C G, a representation R : G — GL(V)
induces a representation R : H — GL(V), by restriction from G to H. Explain the term
‘branching’ and why R can be reducible even though R is not. Give an example (by
choosing suitable groups G and H and a representation R) for the phenomenon of an
irreducible representation branching into a reducible representation.

(c¢) [ marks] Explain how the cyclic groups Z, can be viewed as sub-groups of U(1). Find
the branching of the irreducible representations of U(1) under Z,.

(d) [6 marks] Consider a field theory with a U(1) symmetry and N complex scalar fields ¢;
with U(1) charges Q;, where i = 1,..., N. For a sub-group Z, C U(1), what are the Z,
charges ¢; of the fields ¢;? Now suppose that the U(1) symmetry is spontaneously broken
by vacuum expectation values (¢;) # 0. Determine under which conditions an unbroken
Zy, sub-group (where n > 1) can be retained and express the largest possible n for such
unbroken Z,, symmetries in terms of the charges Ql

(e) [5 marks] Consider a four-dimensional (relativistic) field theory with U(1) (gauge) sym-
metry and M Weyl fermions ¢, with U(1) charges Q,, where a = 1,..., M. What are
the charges g, of these fermions under a sub-group Z,, C U(1)? Write down the condition
for this U(1) symmetry to be anomaly-free. What does this condition imply for the Z,
charges ¢,7

2. Consider the permutation group Sy = {0 :{1,2,3,4} — {1,2,3,4} | o bijective}.

(a) [ marks| List the conjugacy classes of Sy (in terms of partitions of 4), determine the
number of permutations in each class and explicitly provide one permutation per class.
How many irreducible representations (over complex vector spaces) does Sy have?

(b) [4 marks] Write down explicitly two one-dimensional irreps Ry and R; of S and their
characters yp and y;. What are the dimensions of the other irreducible representations
of 547

(c) [8 marks] Consider the maps Ry : Sy — GL(C*) defined by R, (0)(e;) = eo(s) and
R_(o)(ei) = sgn(o)ey(;)- Here, 0 € Sy is a permutation, e;, where i = 1,2,3,4, are
the standard unit vectors of C* and sgn is the sign function for permutations. Show that
R are representations and compute their characters x+. Show that each of Ry contains
one one-dimensional and one three-dimensional irrep. Find the character 3 of the three-
dimensional irrep Rs3 in Ry and the character x4 of the three-dimensional irrep Ry in
R_.

(d) [4 marks] Based on the information collected so far, write down the character table of Sy.

(e) [4 marks] Consider a scalar field ¢ = (¢1, @2, ¢3)? which transforms under the three-
dimensional Sy irrep R3 from part (c). Show that it is possible to write down Sy invariant
quadratic and cubic terms in ¢.
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3. (a) [4 marks] State Schur’s Lemma.

(b) [5 marks] Consider a group G, two inequivalent irreps R; and Ry of G with dimensions
n1 and ns and the reducible representation R defined by the block matrices

Ri(g) O 0 0 0
0 Rilg) 0 0 0
R(g) = 0 0 Ri(g) 0 0
0 0 0  Re(g) O
0 0 0 0  Ro(g)
Find the most general form of matrices M (with size (3n; + 2ng) X (3n; + 2ng)) which

satisfy [M, R(g)] =0 for all g € G.

(¢) [4 marks] For a group G and a sub-group H C G the commutant Cg(H) of H in G is
defined by Cq(H) = {g € G|gh = hg Yh € H}. Show that the commutant is a sub-group
of G.

(d) [5 marks] Consider the group SU(5) and its U(1) sub-group defined by the embedding
U(l) 5 z — diag(z7%,27%,27%,2%,2%) € SU(5). Find the commutant Cgy 5 (U(1)) of
this U(1) in SU(5).

(e) [7 marks] Write down the Young tableaux, tensors and highest-weight Dynkin labels for

the SU(5) representations 5, 5 and 10. How do these representations branch under the
sub-group Cgy(5)(U(1)) C SU(5) found in part (d)?

4. (a) [5 marks] Write down the Dynkin diagram and the Cartan matrix for the algebra As.
What are the weight systems of the As irreps with highest weight Dynkin labels (1,0, 0)
and (0,0,1)7

(b) [6 marks] Write down the Dynkin diagram and the Cartan matrix for D5 and find the
weight system of the irrep with highest weight Dynkin label (0,0,0,0,1).

(c) [6 marks] Argue from the (extended) Dynkin diagram that A; & A; & As is a maximal
sub-algebra of Djs. The projection matrix P = P(A; & A1 & As C Dj) is given by

0 0 1 1 1

0 0 1 0 0
p=|1 1 1 o0 1],

0 1 1 1 0

-1 -1 -1 -1 0

where the first two entries of a vector Pw (where w is a D5 weight) correspond to the two
Aj Dynkin labels and the last three entries to the As Dynkin label. Use this projection
matrix to find the branching of the Dj irrep from part (b) under the sub-algebra A; ®
A; @ As. Denote the A1 & A; & As representation obtained in this way by R.

(d) [8 marks] One family of the standard model of particle physics resides in the SU,,(2) x
SU.(3) x Uy(1) representation Rrp = (2,3); & (1,3)_4 & (1,3)2 @& (2,1)_3 & (1,1)g,
where the subscript denotes the Uy (1) charge. Show that, for a suitable embedding of
SU(2) x SU(3) into SU(2) x SU(2) x SU(4), the representation R from part (c) branches
into a representation which contains all SU,,(2) x SU.(3) representations in Rp. Next, find
an embedding of Uy (1) into SU(2) x SU(2) x SU (4) such that the Uy (1) charges in Rp are
reproduced correctly. What is a possible interpretation of the SU,(2) x SU.(3) x Uy (1)
representation which is contained in R but not in Rp?
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