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1. [25 marks] Consider the quantum harmonic oscillator with mass m, frequency w and Hamilto-
nian H at inverse temperature 3, and let |z) denote an eigenstate of the position operator with
position coordinate z. A diagonal matrix element of the Boltzmann factor has the path-integral
representation

<xw—ﬂﬂmr>=:jfzhxf>e—5h“ﬂ/h 1)

where the Euclidean or imaginary-time action is

SMﬂzlﬁhh<%@Y+@fwm1 2)

and the functional integral is over paths z(7) with end-points z(0) = z(5h) = =.

(a) [8 marks| This action is stationary on the path xo(7). Use calculus of variations to find a
differential equation satisfied by xo(7), solve this equation and hence show that the action

for this path is
S[xo(7)] = mwz? tanh(Bhw/2) . (3)

(b) [7 marks] Use the change of variables x(7) = zo(7) + y(7) in Eqns. 1 and 2 to show that
(z|e™PH|z) = = SlooMl/h 7 (4)

giving an expression for Z as a path integral. What is the dependence of the factors
e~50(Ml and Z on the value of x?

(c) [5 marks] Find expressions for the ratio

_ (z|ePHz)
(yle=PH |y)]y—o

in the limits Shw < 1 and Shw > 1. Suggest a way of understanding your result for R
at high temperature.

(d) [5 marks] Let ¢p(2) denote the normalised eigenfunctions of H with eigenvalues (n+ % )hw
for n = 0,1,2.... Give an expression for (z|e™?#|z) in terms of ¢, (z). In the light of
this expression, discuss your result for R at low temperature.
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2. [25 marks] N identical bosons, each of mass m, move in a cubic box of side L with periodic
boundary conditions. Single-particle momentum eigenstates with wavevector k have position-
space wavefunctions (r|k) = L™3/2e’T with k = 21(¢,, £,,£,)/L where £, £, and £, are integer.
The creation operator for a boson in a momentum eigenstate is wlt and the annihilation operator
is 1. They obey the commutation relations [¢),, 1,/}(2] = 0k, q and [t)k,¢q] = 0. The position-
space creation operator is T (r) = L=3/2 Dk e*ik'rwlt. The Hamiltonian for the system is
H = Hgg + Hint with

2

h
Hyge = 5= kPl and  Hiy = g / eyl (r)f () () (r). (1)
k

New operators 9011 and ¢, are defined for |k| # 0 by the transformation

cpir( =cp @Z)L + s ¥_,  with inverse @Z)lt =k npir( — Sk Py (2)
where ¢ = cosh 0y, s = sinh 6 and 6y is a real function of £k = |k|. The state |0) has the
following properties: it is annihilated by ¢y for all |k| # 0 (so that ¢|0) = 0) and it is an
eigenstate of ¢y with real eigenvalue /Ny (so that 1p|0) = /Np|0)).

(a) [5 marks] Write the total boson number operator N and the Hamiltonian contribution
Hiy in terms of ¢, and w;f{ .

(b) [4 marks] Show that [p,, gog] = 0k q and [k, @q] = 0.

(c) [6 marks] Suppose that Ny is large and consider an expansion of (0| Hin|0) in decreasing
powers of Ny. Show that
uN02 uNy

+

Hin =

S [(0la1d0) + 0wl [0) + 40l 10)] + O(N])

k£0
where O([No]®) denotes terms independent of Ny which you may omit. Evaluate the
expectation values appearing in this expression in terms of 6.

(d) [5 marks] Evaluate (0|N|0) in terms of Ny and 6. Hence suggest an expression for Ny in
terms of N and 6y and show (again omitting terms independent of Ny) that

(0| Hint|0) ~ %N + up Z:(sinh2 0), — sinh 6, cosh 6y,) .
K£0

where p = N/L is the boson number density.
(e) [5 marks] Evaluate (0| Hkg|0) and show that (0|H|0) is minimised by the choice

up

tanh 20y, = ————.
AR Tk up + h2k?/2m

Discuss physically why (0|H|0) is lower for suitable non-zero #y than with 6y = 0 for all
k.
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