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1. [25 marks| A one-dimensional model in classical statistical mechanics is defined as follows.
Microscopic variables o, live on the sites n of a lattice, and can take any of () possible states
denoted by o, = 1,2...Q. There is an interaction energy between neighbouring sites, which
is —J (with J > 0) if they are both in the same state and is zero otherwise. The total energy
of a configuration for a lattice of L sites with periodic boundary conditions is hence

L

E==JY 0opomi (1)

n=1

where d5, 5, is the Kronecker delta and o711 = o071.

(a) [8 marks|] What is the energy of (i) the ground states and (ii) the first excited states of
this model? How many ground states are there, and how many first excited states?

(b) [10 marks] Explain how the transfer matrix method can be used to calculate the partition
function Z for this model at inverse temperature 8 and show that the transfer matrix can

be written in the form
T =g(BJ)I+P, (2)

where g(8J) is a scalar function which you should determine, I is the @ x @ unit matrix
and P is the Q x Q matrix that has all entries P,,, = 1. Evaluate P? and TrP. Hence or
otherwise find the eigenvalues of P and of T and their degeneracies.

(c) [7 marks] Give an expression for the free energy F = —3~'InZ for finite L in the low-
temperature regime, accurate to second order in the variable e #”/. Explain how this
expression can be understood in terms of low-energy configurations of the model.
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2. [25 marks] Operators for the angular momentum components of a quantum spin are denoted
by 5%, S¥ and S?. The total angular momentum operator is S? = [S%]% +[SY]? +[S7]? and the
spin raising and lowering operators are S* = S* +iS¥. They obey the commutation relations
[ST,57] = 25% and [S?,S%] = £8%. The states |s,m) are eigenstates of S? and S* with
eigenvalues s(s+ 1) and m respectively (using units in which 7 =1).

The operators a' and b are creation operators for two species of boson, with a and b the
corresponding annihilation operators. They obey the commutation relations [a, a'] = [b,b!] = 1
and [a,b] = [a,bT] = 0. The states |n,,n) are eigenstates of the boson number operators a'a
and b'b with eigenvalues n, and ny respectively.

A quantum spin model (the XY ferromagnet) is defined as follows. Spins with S2 = s(s + 1)
are located at the sites n of a one-dimensional lattice and are represented by operators SZ, Sj
and S?. The Hamiltonian (with J > 0) is

L-1
H=—JY [SiSi+Sysh,,]. (1)
n=0

The lattice consists of L sites and has periodic boundary conditions so that S = S§ for
a=x,y and z.

(a) [9 marks|] One way (out of several alternatives) to express spin operators in terms of boson
operators is via the substitutions

1
St =a'b, S™=bla and S§° = i(aTa —b'b). (2)

Justify this by evaluating appropriate commutators. What is the correspondence between

the set of states |s, m) and the set |ng, np)?

(b) [8 marks] Write the Hamiltonian H as a quartic in boson operators ah, bh, a, and b,
defined at each site of the lattice. Fourier transformed operators are

1 L—-1 1 L—1
A, = — e"q, and B, = —— elamy, 3
q \/Z nz:;) n q \/Z T;) n ( )

with ¢ = 27m/L and m = 0,1...L — 1. You may assume without proof that these
operators satisfy the commutation relations [Aq,AL} = [Bq,B,U = 04 and [Aq,B;i] =
[A4, Bx] = 0. Give with justification the inverse Fourier transforms. Express (i) %(a,t,an +
bILbn) and (ii) the Hamiltonian H in terms of the operators A, AJ}, B, and Bg.

(c) [8 marks] Let |vac) denote the vacuum for the boson operators on the lattice. An approx-
imate ground state wavefunction of H has the form
1

G) = mméw [B]"#|vac) . (4)

You may assume without proof that (G|G) = 1. Evaluate <G\AI1AHG>, giving the depen-
dence on ¢ and k. Find (G|(ahan + b}b,)|G) and (G|H|G). Hence suggest the best choice
for the integer parameters ny and npg to approximate the ground state. Evaluate the
averages (G|S% |G) and (G|SZ, Aﬁz+n|G> for n # 0. Use these results to discuss briefly the
physical interpretation of the state |G) in terms of the spin degrees of freedom, making

reference to the concept of long-range order.
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