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1. Magnetohydrodynamics

In this question we shall examine the effects that a finite resistivity has on the evolution of the
magnetic field in an electrically conducting fluid.

(a) [10 marks] In the rest frame of the fluid, the electric field E’ is related to the current

density J by
E' =nlJ,

where 7 is a constant known as the Ohmic resistivity. During the course we assumed
n=20.
By performing a Lorentz transform from a lab frame with electric field E and magnetic
field B to this rest frame, show that in the presence of non-zero resistivity, the induction
equation of MHD becomes

OB L _ .
P (@-V)B=(B -V)yi-B(V @)+ -LvE.
ot Ho
In this expression « and B are the bulk velocity of the fluid and the magnetic field in

the lab frame respectively. Interpret each of the terms in this expression, and state the
physical assumptions made during the derivation of this equation.

For the remainder of this question we shall consider global quantities found by integrating over
the volume V containing the entire fluid. You may assume that all physical quantities (i, B,
etc.) vanish on the surface bounding this volume.

(b) [5 marks] Use the induction equation to show that the total magnetic energy of the fluid
evolves according to

d///53d3vz///(ﬁx§).fd3V—772/// IV x B2d%V,
de v v I v

where g = B?/2u0. Give a physical interpretation of both terms on the right-hand side,
and state the overall effect that a non-zero resistivity has on the magnetic energy.

(c) [ marks] Show that the total Helicity of the fluid evolves according to

d///g.gdf»vz_%///g.wxg)di%v,
dt ) Ho v

where B is related to the vector potential A by B=VxA.

(d) [5 marks] The effects of a non-zero resistivity become important when the magnetic field
develops structures on small scales. Using the above two results for the magnetic energy
and the Helicity, discuss which quantity (Helicity or magnetic energy) is more affected by
resistivity in the limit of small but non-zero resistivity and small-scale structure in the
magnetic field.
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2. Complex Fluids
This is a question about Stokes flow in an incompressible fluid with constant viscosity pu.

(a) [4 marks| Consider a rigid body B that moves with velocity U through a fluid that is at
rest at infinity. Show that the force on the body is

F:/U-ndS,
s

where o is the stress tensor in the fluid and S is a large spherical surface around the body
with outward unit normal n. What does this imply about the behaviour of the pressure,
velocity, and strain rate far from the body?

(b) [7 marks] Consider a second flow in which the same body B moves with velocity U’
through fluid that is at rest at infinity. The force on the body in this flow is F/. Show
that

F-U=F . U.

By considering a third flow in which the body moves with velocity U + U’ show that the
force on the body must be a linear function of its velocity. Show further that

F=-A-U,

where A is a symmetric tensor.

(c) [4 marks] Consider a rigid object comprising a sphere of radius a; with position r; and a
sphere of radius ao with position ro. The two spheres are joined by a rigid rod whose diam-
eter is much smaller than min{a;, az} and whose length is much longer than max{a, as}.
Find the tensor A for this object.

(d) [5 marks] Show that the object from part (c) has a hydrodynamic centre with position r.
such that the torque about r. is zero when the object is held stationary in an oncoming
flow that approaches a uniform stream at infinity.

(e) [5 marks] Now suppose that the object from part (c) is made to rotate with angular
velocity € about an axis through r. in a fluid at rest at infinity. Find the force on the
object. What general result does this illustrate?

[Hint: The tensor A in part (b) is 6mwpal for a sphere of radius a, where | is the identity tensor.]
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