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1. (a) [5 marks] Define the terms ‘representation’ and ‘irreducible representation’ of a
group. For a finite group, provide three important properties of characters of
representations.

(b) [3 marks] For a representation R : G → GL(V ) of a finite group G consider the
linear map P : V → V defined by P = 1

|G|
∑

g∈GR(g). Show that P (v) is a singlet
under G for all vectors v ∈ V .

(c) [7 marks] Consider the group G generated by the matrices

g1 =

(
α 0
0 α∗

)
, g2 =

(
0 1
1 0

)
, (1)

where α = e2πi/3. Show that this group has order 6, that it is non-Abelian and find
its conjugacy classes. How many irreducible representations (over complex vector
spaces) does this group have and what are their dimensions?

(d) [5 marks] For the group G in part (c), find all irreducible representations (over
complex vectors spaces) and write down the character table. Work out the Clebsch-
Gordan decompositions for the tensor products R ⊗ R̃ between all pairs of irre-
ducible representations R and R̃.

(e) [5 marks] Consider a Yukawa coupling of the form∑
i,j=1,2,3

λijHψ̄
i
Lψ

j
R , (2)

where ψi
L and ψi

R are left- and right-handed fermions, H is a complex scalar and
the λij form a 3 × 3 matrix λ of coupling constants. For the group from part
(c), assume that (ψ̄1

L, ψ̄
2
L) and (ψ1

R, ψ
2
R) transform in a two-dimensional irreducible

representation, that ψ̄3
L and H transform in a non-trivial one-dimensional repre-

sentation and ψ3
R is a singlet. Find the most general form of the matrix λ so that

the Yukawa terms in Eq. (2) are G-invariant.
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2. (a) [4 marks] Work out the Lie algebra of SO(N) and write down a simple basis for
this algebra. What are its dimension and its rank?

(b) [7 marks] A scalar field ϕ takes values in RN and transforms as a fundamental of
SO(N). Consider an SO(N)-invariant field theory for ϕ and suppose ϕ develops
a vacuum expectation value. To which group does SO(N) spontaneously break in
this case? Next, consider an SO(N)-invariant field theory for a scalar field ϕ which
transforms as a second rank symmetric tensor of SO(N). What is the unbroken
group now if ϕ develops a vacuum expectation value?

(c) [7 marks] Write down the Dynkin diagrams for the complex Lie algebras which are
associated to SO(N). Work out the values of the quadratic Casimir and the index
for the fundamental representation, as a function of N . [Hint: For the even case,
N = 2n, the metric tensor G(Dn) satisfies (1, 0, 0, . . .)G(Dn) =

1
2(2, . . . , 2, 1, 1) and

for the odd case, N = 2n+ 1, it satisfies (1, 0, 0, . . .)G(Bn) =
1
2(2, 2, . . . , 2, 1).]

(d) [7 marks] The one-loop β-function for a gauge theory with Weyl fermions in the
representation rW is given by

β(g) = − 1

16π2

[
11

3
c(adj)− 2

3
c(rW )

]
g3 , (1)

where c(adj) is the index of the adjoint representation and c(rW ) is the index of the
representation rW . Suppose we have an SO(8) gauge theory with k Weyl fermions,
each of which transforms in the fundamental of SO(8). Work out the β function
in terms of k. For which values of k is the theory asymptotically free (as judged
by the given beta-function (1))? You can use the metric tensor for D4 given by

G(D4) =
1

2


2 2 1 1
2 4 2 2
1 2 2 1
1 2 1 2

 .
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3. (a) [6 marks] Consider the Lorentz group in 1+1 (one time and one spatial) dimension
and show that γ0 = −iσ2 and γ1 = σ1 are a viable choice of gamma matrices (where
σi with i = 1, 2, 3 are the Pauli matrices). Write a Dirac spinor in 1+1 dimensions
as

ψ =

(
ψ+

ψ−

)
, (1)

where ψ± are in general complex. How does ψ transform under infinitesimal
Lorentz transformations? [Hint: The Pauli matrices are given by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. ]

(b) [6 marks] Define left- and right-handed Weyl spinors in 1+1 dimensions and write
them in terms of the quantities in Eq. (1).

(c) [7 marks] Show that Majorana and Majorana-Weyl spinors can be defined in 1+1
dimensions and specify their explicit form in terms of the quantities in Eq. (1).
How many real degrees of freedom does each of the spinors discussed so far have?

(d) [6 marks] Write down a Lorentz-invariant mass term for a 1+1-dimensional Dirac
spinor and explicitly verify Lorentz-invariance by applying an infinitesimal trans-
formation.
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4. (a) [3 marks] Write down the Dynkin diagram and the Cartan matrix for A5.

(b) [8 marks] Construct the weight systems of the complex conjugate of the funda-
mental representation and the second rank anti-symmetric tensor of A5.

(c) [7 marks] The algebra A4 is embedded into A5 in the standard way and the pro-
jection matrix P (A4 ⊂ A5) acts by deleting the last entry of the A5 Dynkin label.
Using the weight systems, find the branching under A4 of the A5 representations
from part (b).

(d) [7 marks] Discuss the results so far from the point of view of a standard SU(5)
grand unified theory. Do the SU(6) ∼ A5 multiplets from part (b) contain the re-
quired multiplets for an SU(5) grand unified theory? Which other SU(5) multiplets
arise? Discuss possible physical interpretations for these additional multiplets.
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