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This exam paper consists of three questions each marked out of 25. You
should submit answers to all three questions. You must start a new booklet for
each question which you attempt. Indicate on the front sheet the numbers of
the questions attempted. A booklet with the front sheet completed must be
handed in even if no question has been attempted.
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assigning to each part of the question.
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1. Consider a Hamiltonian system of N indistinguishable particles of unit mass subject to
an external potential U and interacting through a pairwise potential ¢. Any function
F of the particle positions x; and velocities v; evolves according to

dF
— —{FH
dt {F H},
where
A OB OB 0A
J— 2 :
H= Z( il +sz) 1<§<N¢>\xz x;l), {A,B}= Z(&xi av, 0%, avi>'

(a) [8 marks| By separating the Hamiltonian into a sum of three terms, or otherwise,
show that the one-particle distribution function f(x,v,t) evolves according to

of |

L v VYU Vg = /dv*/dx*vm»c %) - Vo fo,

where fa(x, Vv, Xy, vy, t) is the two-particle distribution function, V is the gradient
with respect to x, and V4 is the gradient with respect to v.

(b) [6 marks|] Briefly describe the approximations that allow this evolution equation
for f to be approximated by

of

o TV VI-VU-Vif= /dv*/de/dso (v =vul,0) (f'fi = [ fx),

where the integration is over a unit hemisphere in 6 and ¢ coordinates, B(|v—v|,0)
is the Boltzmann scattering kernel, f, = f(x,vy,t) and similarly for f’ and f].
Briefly describe the further approximations that lead to

%+ Vf-VU- va_——(f 1),

where

2
(0) __ v —ul
fY(x,v,t) (270)772 exp ( 56 ) .

Explain how p, u, and © are determined from f, and give an interpretation of the constant .

(c) [4 marks] Show that the fluid momentum evolves according to an equation of the
form

and give expressions for IT and F.

(d) [7 marks] Show that the pressure tensor P = IT — puu evolves according to

gu] Lpdu L (Rj _P,@)),

at-PU + ak (uk-PZJ + ngk) + P, al‘k .

and give an expression for ();;; in terms of f.
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2. Consider a one-dimensional plasma in which the equilibrium electron distribution fo(v)
is as depicted in the figure below: fp(v) # 0 only for v € [—vg,vg + v2 — v1], with a
constant slope f}(v) = £fo(0)/vo (positive at v < 0, negative at v > 0) everywhere
inside that interval except at v € [v1,v2], where it has a plateau with fi(v) = 0. We
seek linear perturbations of this plasma that have phase velocities greatly exceeding the
characteristic width of the ion distribution, so the latter’s contribution to the dielectric
function can be ignored:

w? Mo
e(p k) =1 Pel/ S 10 (1)

o v—1ip/k’

where we define ny = vy fo(0) and wpe = (4me’ng/ me)l/ 2 —e and m, being the electron
charge and mass, respectively, and Cf, is the Landau contour.

$.6)

v,w;vl

(a) [3 marks] At what values of the phase velocity u = w/k do you expect a priori,
from the form of (1), that completely undamped waves (p = —iw, where w is real)
might be able to exist?

(b) [5 marks] Show that the frequencies w = ku and wavenumbers k of such undamped
waves must satisfy the following dispersion relation

! u?|vg — ul

= (kApe)?, 2
n]v0+qul—u|]vo+vg—v1—u\ (kApe) @
where, by definition, Ap. = vg/wpe. You will be able to do parts (c)—(f) using (2).

(c) [3 marks] What waves exist in this plasma at short wavelengths, kApe > 17 Why
are they undamped?

(d) [5 marks] Now consider long wavelengths, kAp. < 1. Assume that ve—v1 < vg, v1.
Show that the dispersion relation has three solutions:

2
v
w R twpe, wrk [vl + (vg — Ul)vé:| : (3)
0
The first two are the familiar Langmuir waves (plasma oscillations) and the third
resembles a sound wave, so could be called the electron acoustic wave (EAW). Why
does the EAW not exist in a Maxwellian plasma?

(e) [5 marks] Continue assuming vy — v; < g, v1, but consider arbitrary wavenum-
bers kAp.. Derive the dispersion relation for the EAW,

wr kv + 2 ], (4)

L+ F%e (0 — 03) /07

and explain how it relates to your previous results.

(f) [4 marks] Assembling together the results that you have derived, sketch the three
branches of the dispersion relation w vs. k for an electron plasma with a small
plateau.
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3. (a) [2 marks] Give two reasons why the kinetic theory of stellar sytems is usually
formulated in angle-action variables (6, J) rather than position and velocity (x,v).

(b) [5 marks] Let f be the distribution function (DF) of a razor-thin disk of stars
whose phase space location is determined by angle-action coordinates 8 = (0, 0r),
J = (Js, Jr), and whose motion is governed by the ‘mean field + perturbation’
Hamiltonian

H(0,3,t) = Ho(J) +6%(0,J.1). 1)

Let f(0,J,t) = fo(J,t) +f(0,J,t), where fo(J,t) is the angle-independent part
of the DF. Fourier expanding the potential as & = ), d®x(J,t)exp(ik - 8) and
similarly for §f, where k = (k,,kr) € 72, assuming all perturbations are small,
and ignoring initial conditions, show that the linear response of the DF satisfies

t /
53 t) = i / at'k.- Weik'f’(”’)wku, 7). @)
0

where you should define the frequency vector Q(J).

(¢) [6 marks] Define the marginalized DF of angular momenta Fy(J,, ) = 27 [ dJg fo(J, 1)
By first deriving an equation for dfy/0t, show that to second order in small quan-
tities,

oFy 0
W* TJ@QO’ (3)

where the flux Qg is given by
> ¢ ofo(3,t) _, /
Q1) = =2 Y ks [ s [ vk T weie-O053,1)603,3.0)
. 0 0
(4)
(d) [3 marks] Now specialize to a perturbation of the form
5¢k (J7 t) = uk(‘])e_ik‘Pthe_(t_tpeak)Q/(27—2)7 (5)

where the function ui(J) is equal to zero unless k, = £m. Interpret what this
perturbation might correspond to physically. Show that it drives a flux

Qpnt) = -25 3 Yoko [ Al ()

kp=+m kg 0
t
X / dt'k - 8f0€(;, t,)efiwk(.])(tft’)ef(tftpeak)2/(272)ef(t’ftpeak)2/(2‘r2)7 (6)
0

where you should define the frequency wg(J).
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(e) [7 marks] We will now calculate the total change to the angular momentum DF,
AFy(J,) = Fo(Jp,t — 00) — Fo(J,,0) . First, argue that if the perturbation is
sufficiently short lived, we can replace all lower time integration limits by —oo and
we can ignore the slow time evolution of fy(J,¢') on the right hand side of (6).
Then, assuming wy (J) does not depend on Jg, show that

(87°)12m a of I
AFy = T ZRF Wmkg / dJR|umkR|2 mﬁ—f—k‘ aJO (7)

with I' = (v27)~! and Rp(w) = (vV27T) e */(2I*) You may use the identity

Re/ dx/ dy e~ 0Ev) e~ (@2 +%)/(20%) = 152e=0%0" (8)

(f) [2 marks] Give a physical interpretation of this result, focusing on the contribu-
tions from (i) kg = 0 and (ii) kr = £1.
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