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1. The Lagrangian density for a fermion of mass M interacting with a boson of mass m
in four space-time dimensions is given by

L = ψ(iγµ∂µ −M)ψ +
1

2

(
∂µϕ∂

µϕ−m2ϕ2
)
− gϕψγ5ψ ,

where the Dirac gamma matrices satisfy

{γµ, γν} = 2ηµνI µ, ν = 0, 1, 2, 3 , (1)

with ηµν = diag(1,−1,−1,−1), and we define γ5 = γ0γ1γ2γ3.

(a) [6 marks] Using the anticommutation rules (1) show that {γ5, γµ} = 0, and γ5γ5 =
−I. Show that Tr γ5 = Tr γ5γµ = 0 [Hint: use the cyclic property of the Trace].

(b) [4 marks] Write down the most general counterterm Lagrangian, Lct, for this the-
ory.

(c) [8 marks] What is the Feynman rule for the interaction vertex arising from L?
Show that the one loop contributions to the bosonic one- and three- point vertices
vanish.

(d) [7 marks] L is invariant under parity x → −x. State the corresponding transfor-
mation law for ψ (it is not required to prove this law). What is the transformation
law for ϕ? Discuss the implications of this symmetry for Lct to all orders in per-
turbation theory.

2. The Lagrangian density for a system in four space-time dimensions consisting of two
complex scalar fields Φ and ϕ with masses M and m respectively, where M ≫ m, is
given by

L = ∂µΦ
†∂µΦ+ ∂µϕ

†∂µϕ−M2Φ†Φ−m2ϕ†ϕ− gϕ†ϕΦ†Φ− 1
2h(ϕ

2Φ+ h.c).

(a) [4 marks] What is the internal symmetry of L for g ̸= 0 , h ̸= 0? What is the
corresponding conserved current?

(b) [4 marks] Write down the Feynman rules, taking care to show the flow of charge.

(c) [6 marks] Draw the tree-level Feynman graphs for:

i) scattering of two ϕ particles, ϕϕ→ ϕϕ;

ii) scattering of a ϕ particle and a Φ particle, ϕΦ → ϕΦ.

iii) the decay of a Φ particle, Φ → ϕϕ.

Write down the matrix elements M for each of these processes.

(d) [7 marks] The width for a particle of mass M decaying into two identical final
state particles of mass m with three momenta p1 and p2 is given by

ΓΦ =
1

2M

∫
d3p1

(2π)3
1

2Ep1

∫
d3p2

(2π)3
1

2Ep2

|M|2(2π)4δ4(p1 + p2 − P ) ,

where Pµ = (M, 0, 0, 0), and Ep = +
√
p2 +m2. Evaluate ΓΦ.

(e) [4 marks] Assuming that g = 0, the cross-section for ϕϕ scattering when s ≫ M2

is given by

σ(ϕϕ→ ϕϕ) =
h4

32πs3
.

What happens to the matrix element for this process when s ≃M2 ? Find σ(ϕϕ→
ϕϕ) when s ≃M2.
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3. The quantized Dirac field ψ(t,x) and its Hamiltonian H are given by

ψ(t,x) =

∫
d3p

(2π)3
1√
2Ep

∑
s=±

(
e−ip·xaspu

s(p) + eip·xbs†p v
s(p)

)
,

H =

∫
d3p

(2π)3
Ep

∑
s=±

(as†p a
s
p + bs†p b

s
p) ,

where the annihilation and creation operators for particles and antiparticles satisfy the
anti-commutation rules,{

as
′
p , a

s†
q

}
=
{
bs

′
p , b

s†
q

}
= (2π)3δ3(p− q)δss

′
,

with all other anticommutators vanishing.

(a) [5 marks] Show that ψ(t,x) obeys the Heisenberg equation of motion

i
∂ψ(t,x)

∂t
= [ψ(t,x), H].

(b) [3 marks] Show that the two particle state

|p1, s1,p2, s2⟩ = as1†p1
as2†p2

|∅⟩ ,

where |∅⟩ is the Fock vacuum state, is antisymmetric under exchange of the two
particles.

(c) [5 marks] Show that the n particle state

|p1, s1,p2, s2, . . .pn, sn⟩ = as1†p1
as2†p2

. . . asn†pn
|∅⟩

is antisymmetric under the exchange of any two particles.

(d) [6 marks] Show that

⟨∅|T ψa(x)ψb(y)|∅⟩ =
∫

d3p

(2π)3
1

2Ep

(
θ(x0 − y0)e−ip·(x−y)

∑
s

vsa(p)v
s
b(p)

+θ(y0 − x0)eip·(x−y)
∑
s

usa(p)u
s
b(p)

)
.

(e) [6 marks] Discuss the significance and form of the result obtained in part d). What
are the properties and physical role of the individual elements?
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